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In this paper the effects of inertia are explored 
for the case of a thermal excitation applied on the sur-
face of an infinitely long, solid circular cylinder. The 
linear uncoupled field equations for a homogeneous, iso-
tropic, thermoelastic medium are used to derive the 
desired field equations of stress and displacement. 
The solution procedure includes, first, the deter-
mination of the thermal boundary value problem from the 
energy equation which is identically satisfied for the 
uncoupled condition. Secondly, substitution of the 
strain-displacement relationships and the previously 
obtained thermal relation into the equilibrium equation 
containing inertial effects. The equilibrium equation is 
the only nonidentically satisfied equation. Thirdly, a 
solution of this equation is then found in the S-dornain 
by Laplace transformation. Finally, the desired displace-
ment equation is transformed into the time-domain as a 
function of temperature, time and radius of the cylinder 
by using inverse Laplace transforms and the calculus of 
residues. 
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The field of thermoelasticity was perhaps born 1n 
1837, when Duhamel published his now famous Memoire sur 
les phenomenes thermomecaniques (Boley 1960) , which 
explored the question of whether the inertia terms 1n 
the equations of equilibrium are to be disregarded 1n 
the equations of thermoelasticity. Duhamel's early 
efforts in deriving a coupling relationship between the 
temperature and strain fields opened a new frontier. 
However, with the advent of nuclear reactors and 
high speed spacecraft, expressed interest is being 
shown. In this period, men such as Biot (1956), Lessen 
(1959), Deresiewicz (1957), Chadwick and Sneddon (1958) 
and others have contributed greatly to a thermo-mechan-
ical formulation of the coupled-theory of thermoelastic-
ity. Boley and Weiner•s (1960) treatise on thermal 
stresses explores the solution by coupled thermoelastic-
ity of an infinite medium with one dimensional variations 
in strain. 
Thermal shock in general refers to conditions in 
which a body experiences sudden changes in temperature due 
2 
to its external environment or to internal heat generation. 
Therefore, the characteristic which most distinguishes a 
thermal shock condition from a static or slowly varying 
thermal stress is the rapidly varying nature of the tem-
perature field. The engineering applicability of such 
problems are manyfold, with just a few listed below; 
(a) The sudden aerodynamic heating of a nose cone 
upon re-entry into a planetary atmosphere, 
(b) The sudden introduction of coolant 1n a nuclear 
reactor-core component which has appreciably different 
temperature than that existing at steady-state operation, 
and 
(c) High temperature gradients due to a high-powered 
laser heat flux on a material boundary surface. 
A linear thermoelasticity problem is typically 
solved by one of three theories. First, the fully-
coupled theory requires a simultaneous solution to the 
displacement and temperature fields. Boley and Weiner 
(1960) establish a range of parameters for which coupling 
and inertia effects can be neglected for thermal shock 
in a one-dimensional infinite medium. Lessen 
and Deresiewicz (1957) independently discovered two fami-
lies of coupled, longitudinal, thermoelastic waves; one 
(due to weak thermoelastic coupling) predominantly mech-
anical with a small thermal component, and the other 
3 
predominantly thermal with a small mechanical component. 
Storaasli (1970) applies a general solution of the dis-
placement for the coupled equations to the problem of 
a point source of heat in a medium initially at rest. 
Secondly, the uncoupled theory retains the inertia 
terms of the equilibrium equation, but allows the coupling 
of strain rate to temperature to be zero in the energy 
equation. The equation then has the form of the Fourier-
energy equation. This theory has been employed by Nowacki 
(1962} who gives the displacement field of an infinite 
cylinder suddenly heated from the outside. Nowacki does 
not show the necessary process to develop the equations 
of displacement and stress as functions of time. 
Sternberg and Chakravorty (1959) have given a dynamic 
treatment of a transient thermoelastic problem in a semi-
infinite medium. Danilovskaya (see Boley) concluded that 
inertia effects can be neglected for a wide class of 
problems. T. Mura (1956) determines the displacement 
field for a thermally shocked cylinder and makes large 
argument approximations to a vibration term. 
Thirdly, the uncoupled quasi-static theory permits 
disregarding the effects of both coupling and inertia. 
This representation reduces the energy equation to the 
classical Fourier heat conduction equation and therefore 
no derivatives with respect to time appear in any of the 
4 
thermoelastic field equations. This has been the 
acceptable technique in solving many thermal stress prob-
lems. Solutions for a wide class of problems of this 
nature can be found 1n Boley and Weiner (1960) and also 
Gatewood (1957). 
In this thesis, the linear uncoupled thermoelastic 
equations are solved for a thermal shock incident on the 
outer boundary of an infinitely long, solid, circular 
cylinder, which is made of an isotropic, thermoelastic 
medium. Initially the coupled-equations, due in part from 
the works of Lessen (1959) and Boley and Weiner (1960), are 
developed and then converted into an uncoupled system of 
equations in which the inertia terms are retained. 
Establishing a complete solution to the temperature, 
displacement and stress fields of the cylinder was done 
as follows. 
l. The temperature field was determined for the 
case of a Heaviside step function. This solution has 
been worked out, in particular by Carslaw and Jaeger 
(1959). 
2. The solution of the nonidentically satisfied 
equilibrium equation can now be attempted by substitution 
of the temperature and displacement relations into the 
second order differential equation represented by the 
independent variables r, and t and the functions U(r,t) 
5 
and T(r,t). This relation is then put 1n the form of a 
Bessel equation. 
3. This equation is 1n turn Laplace transformed 
into the S-domain. The contour of integration is estab-
lished based on complex integration theory. This dis-
placement field is now in the t-domain, but within the 
s-integrand. 
4. The integrand of the displacements is expressed 
as products, differences and ratios of Bessel and modi-
fied Bessel functions of the first kind of order one and 
zero. Solution by an infinite series of residues was 
then applied, based on the theorem of residues to ascer-
tain a real time solution for the displacement field. 
5. A table of characteristic roots occurring in the 
definition of the inverse Laplace transform was necessary 
to achieve numerical results. This table of roots should 
find applications beyond this discussion. 
6. Finally, graphical stress and displacement 
results are presented for a broad class of high-tempera-
ture materials in a reduced form to reflect significant 
parametric relations. Moreover, a comparative analysis 




A. Formulation of the Fully Coupled Equations 
The coupled thermoelastic equations for a linear, 
isotropic, homogeneous thermoelastic medium as given by 





€: .. = 1/2(0 .. +U .. ) 




hT,ii = ycv~! + a(3A+2w)T 0 ~£KK ( 4 ) 
where the notation 
p = Density 
;\ = Lame constant ln Hooke's law 
\ = E/(i+Y) (l-2v) 
p == Lame constant ln Hooke's law 
u == E/2 ( l+v) 
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C = Specific heat capacity at constant volume v 
h= Thermal conductivity 
a= Coefficient of thermal expansion 
T= Absolute temperature 
T = Absolute temperature at reference state 
0 
t= Time coordinate 
Jij= Kronecker delta 
cG .= Stress tensor 
lJ 
U D. 1 t t 1n the l.th d1'rect1'on .= 1sp acemen componen 
l 
E .. = Strain tensor 
lJ 
For the Cartesian tensors above, a comma followed by sub-
scripts indicates partial differentiation with respect to 
appropriate spatial variables. Also, observe that there 
are sixteen unknown functions of position XK and of time 
t, specifically six stress components~., six strain 
l] 
components c .. , three components u. of the displacement 
l] l 
vector, and the temperature T. The double dots imply the 
second derivative with respect to time. 
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B. Formulation of the Uncoupled Equations by Reduction 
of the Fully Coupled System 
When the temperature and deformation relations are 
not determined simultaneously, either the thermal or 
the mechanical energy has been ignored. Therefore, to 
uncouple this system, the last term in equation (4) lS 
assumed zero. The equation of uncou?led thermoelasticity 
lS shown below. 
Energy 
hT = c ~ 
,ii v~t ( 5 ) 
C. Specific Equations in Cylindrical Coordinates 
The condition of plane strain is assumed for an 
infinitely long, solid, circular cylinder such that axial 
displacements at its ends are uniform or zero, and 
accordingly, 
uz = 0 ( 6 ) 
To enforce symmetry, we allow 





ur(r1 t) u = r 
where r, 8, and Z are independent spatial variables of the 
cylindrical coordinate system of figure 1.1. 
Accordingly, the strain-displacement relations are: 
9 
/ D I /e~~ 
\ I , 
/ _ .... 
Fig. l.l. Description of cylindrical coordinate 
system. 
"2:e + ao-.;be de 
a~ 
~ + d..~ d~---- dr 
~r-
___ Or :e t- ;;c Jr 
r -- a;..e + .;!~~$ Jr 
-CJe-c 
-- 0: e 
l , . l "' ·Jg. ..::.. Components of stress on a finite element. 
E = ~Ur rr :;;---
£88 = 1 ( d...Ue 
r a. e 
E = Juz = o z 
J..z 
10 
+ u~ = Ur - r 
Ere = 112[~ (;~ -u6) + ;u:] = o 
Eze = 112(Jue +! cA.uz) = 0 
.c)z r ~e 
Erz = l/2 (du z + ~tJ r) = 0 
~r d Z 
The stress-strain relations are: 
E rr 
( 7 a) 
( 7b) 
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By substitution of (7a) into (7b), we are able to find the 
following stress-displacement relations: 
(7c) 
Dee A~ + u \ 
u - a (3>..+2w) (T-T
0
) = :; + 2w r -d..r r 
OZz = ~(~ur + ~ 
~ r 
- a (3>..+2w) (T-T
0
) 
And the equilibrium equations derived from the element 
shown in Fiqure 1.2 are: 
~orr + ~ ( dOre + u -oee) + ~UrZ + F 0 (8) = 
~ r ~0 rr d-..z r 
~ore 1 (Jaee + 2o;8) + Juze + Fe 0 = + r ~ e 
~r ~z 
~6rz + ~( 6ze + a- ) + 1tlzz + Fz 0 = 






are components of the body force F 
in the r, G, and Z directions respectively. These forces 
include only inertia terms when other body forces are zero. 
Then for small displacements one may write= 
12 
F = -p d:ur ( 9 ) r 
;( t 2 
~2u 
Fe = -p e = 0 d. t 2 
2 
Fz = -p J Uz = 0 
dt 
We may now conclude by substitution of the imposed re1a-
tions of equation (6) that equation (8) has the form: 
~Orr + 1 (u-cr) = -F or ( 10) rr ee r 
~r r 
Jcr'"rr + 
1 (()- - iS ) ~~r = 
d-'1 rr 88 p--r ~t2 
For the remainder Q.[ this discussion u r = u. 
To transform the second equation of (10) into a 
relation with U(r,t) the dependent variable, make the fol-
lowing substitutions, from equation (7c}: 
Orr-688 2~ (:dU _ U) 
= -- -
r r ctr r 
(11) 




Substitution of equation (11) into equation (10) 
DO\.J yields 
Divide by (A+2~) to simplify the above. 
_ u _ ( P ) d-.2 U _ [a ( 3A+ 211 J ~ r 2 A+ 211 J. t 2 - ( A+ 211 ) Jl.r (12) 
The energy equation in cylindrical coordinates 1s: 
The solution of these equations are given in Chapter III. 
CHAPTER III 
INVESTIGATIONS OF INERTIA EFFECTS ON AN 
INFINITE SOLID CYLINDER DUE TO 
THERMAL SHOCK 
A. Statement of Problem 
Consider an infinitely long circular cylinder which 
is thermoelastic, surface traction free, and constrained 
at its end points so that it is 1n a plane strain state 
for all time. Furthermore, the cylinder is initially 
unstrair.ed, quiescent and at a uniform temperature too. 
The structure's outer environment is adiabatic (see 
figure 2.1). 
The intent of this analysis is to derive or rederive 
the time dependent temperature, displacement, and stress 
field for any point in the structure when a radially sym-
metric, time dependent Heaviside step-input temperature 
shock is imposed on the surface of the cylinder. Further 
investigations are taken on in the development and numer-
ical analysis of the stress and displacement quanitities 
for a wide range of high temperature materials. 
Therefore, the task before us 1s to first determine 
the temperature field T(r,t) based on equations {13), 
and second, solve for the displacement field using equa-
tion (12). Both fields are subject to the initial and 
15 
boundary conditions given below. 
To particularize, we must solve the following equa-
tions: 
d. 2 U l~U U +-----
~r2 rJr r 2 
subject to the initial conditions 
U(r,o) = 0 
d-U ot (r,o) = 0 
T(r,o) = T0 
and to the boundary condtions 
(3A+2ll)et~T 
(lJ+2lJ) dr 
6 < R, t) = { <A+ 2 l1 )au < R, t) + Au< R, t) rr ~ r r 






where R is described as the outer radius. For our pur-
poses, 
T(R,t) = H(t) . (T-T
0
) = H(t) . TA 
and the Heaviside unit step function 
H(t) = 0 for -CtJ< t < 0 
(16) 




Fig. 2.1 An infinite solid cylinder with temperature 
prescribed on its boundary 
t. 
l 
Fig. 2.2 A graph of the Heaviside step function 
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This particular type of instantaneous heating of the 
boundary was first investigated by Danilovskaya (Boley 
1960). 
B. Solution of the Energy Equation 
Taking the Laplace transform of (13), we find 
d._2T 
+ 1 d.T l s T 1 T ( r, o) = (17) 
d. r 2 r ar K K 
l pC 
= v T(r,o) = 0, K 11 
The general solution of this equation is given ln 
terms of Bessel functions as 
(18) 
And since K0 (j~r) is unbounded as r-•0, we must allow C~ 
= 0. Therefore. 
T(r,s) = C I ( jSr) 1 o ~ K 
( . IS ) 
- C 1 J o J ~Kr 
(19) 
Using the Laplace transform of the boundary condition (16) 
L{T(R,t) = H (t)TA} = H(S) TA 
H(S) = l:_ s 
( 2 0) 
18 
Make this substitution into (19) to obtain 
c 1 J0 ( j j ~ R) = ( 21) 
TA 
Thus, 
T(r,s) ( 2 2) 
It follows from the inversion formula, 
T(r,t) ( 2 3) 
ds 
::-jco 
By use of the method of residues (see Appendix A) 
for which this integrand satisfies the conditions of the 
Bromwish contour, the inversion integral ls evaluated by 
summing residues. 
Since J0 (j~~R) has simple zeros where j~R = AN, 
K,\2 
the integrand has simple poles at S = - N 







( S +K:: N ) J 0 ( jJfr) e St 
SJo (jNR) 
Since this term has an indeterminate form, we find it 
necessary to use L'Hospital's rule (see Appendix B) in 
making the evaluation. 




-2 J o R (25) 
J 
Note, the relation dJ 0 (r)/dr = -J 1 (r) 1s used above. Refer 
to Appendix B and ~~cLachlan (1955) for details on Bessel 
relations. 
The sum 
T(r,t) ( 2 6) 
A similar result is given in Carslaw and Jaeger (1959). 
20 
This is our desired temperature field equation for 
a Heaviside unit step input. 
C. Solution of the Equilibrium Equation for Zero Inertia 
Effects 
1) Derivation of (J and U when no body forces are rr 
included in the equilibrium equation (1): 
6· . . = 0 
l], J 
(27) 
This relation along with the classical Fourier-heat con-
duction equation of (5) establishes the governing equa-
tions of linear uncoupled quas-static thermoelasticity. 
The equilibrium equation (12) is now rewritten 
d ~u 1 du 
+ 
dr 2 r dr 
u = (a ( 3\ + 2lJ) dT 
r 2 (\+2~) dr 
(28) 
A solution of this equation can be found by using 
the following differential relation (see Boley and Weiner). 
d [ 1 d ( ru ) J = { 1). ( 3 A + 2 \.l ) d T 
dr r dr j \(A+2)J) dr 
Successive integration of (29) yields 
U ( r ) = ~a ( 3 ,\ -.- 2 w ) J r 
(\+2~) 
0 
By substitution of {7c) we find 
(29) 
A: 





=(-a( 2 1J) (JJ\+ 2 ~) rl ~r(r) rdr + 2(,\+ll)A
1 
( J\+2~) j "l 
0 
( 31) 
To find the constants of integration, we use the boundary 
conditions given in (14), and use time as a parameter. 
Specifically, 
u ( r=O) 
U ( r= 0) = 0 
0-rr (R, t) = 











( r) rdr + A 1 r + 
It 1s now obvious that since the 






A 2 1s required to equal zero. For information concerning 
limits and indeterminate forms, see Appendix B and Widder 
(1947). The constant A 1 is found similarly by using the 
condition cJ (R, t) = 0 and (7C). rr 
+ 2(J\+ll)Al = 0 (33) 
R 
ct..(3:A+2~ J -A1 = . T {r) 






u ( r) =( o..{3A+2\l) ~JT ( r )rdr + _1-1_ : 2 fR (rl rd~ (35) ( :\+2w) A +~J 
0 
= ( u( 2 11 ) ( 3 A + 2 11 ) ~ _ 1 fr- R 
urr ( r) dr + !___IT (r) rdr ( 3 6) - T (r) r 
(A+2\l) L r2 R2 
0 0 
From equation ( 2 6) ' the temperature field is 
= TA[l 
00 (-KA~} ( A:r)] 
T (r) - 2[ e R2 Jo (37) 
N=l 
ANJ 1 (AN) 
Where the AN's are the roots of the equation J 0 (AN) = 0, 
and 
TA = Temperature differential on the external sur-
face for all times 
h 





By substituting (38) into (35) and (36), we obtain 
U ( r, t) 
Using (42) this equation is reduced to 
U (r,t) = 
+ ~ (A~~)):: tl[ (e :::~) . ( RJ: :t;J 
+ ( ~:J) J 
8 = a(3A+2l1) 
(A+lJ) 
Similarly 
( 4 0) 
0 (r,t) rr (41) 
D. Solution of the Full Equilibrium Equation in the 
S-Domain 
1. Determination of the Particular Solution Up(r,s) 
For convenience define 
E = p 
;\+2~ 
and substitute into (12) to obtain 
u _ £ ~2u = 8 d-.T 
r 2 ~t 2 ar 
( 4 2) 
( 4 3) 
We wish to take the Laplace transform of (43); however we 
first use (22) to find 
2AT ( r ,S ) 
dr 
rs(. (.~r)) 
= - T~~K J J~ ~~K 
J o ( j ~ R) 
Use the Bessel identities: 
Jo (jr) = I 0 (r} 
J1 (jr) = ji1 (jr) 
we have 





Laplace transform of ( 4 3) 
d 2u + 1 di] ( ES 2 +.!__) U --
dr 2 r dr r2 
( 4 5) 
is 
=[OTA~ I1 JI r l ( 4 6) 
SI o ( rn: R) j 
for which a particular solution 1s found by the method of 
undetermined coefficients. 
Assume a solution of the form 
for P = constant 
dUp 
= p[~ lo(~ r) - :1 ( ~r) J (47) 
dr 
d 2 Up , s rn ~ Io(~r) + 2 I l(J] r) J = Pl- I 1 ( - r) -dr K K r2 - r 
When (47) 1s substituted into (46), we get 
(
- rs ) P[~- r.:S2) = 0TAU{ 
Sio(~R) 
( 4 8) 
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Then by substituting P into the first part of (47), we 
find 
( 4 9) 
This is the required particular solution. 
2. Determination of the complementary solution 
uc(r,s) 
We attempt to find a solution of the equation 
d2U + l dU - (ES +!_) U = 0 (50) 
dr 2 r dr r 2 
\~here a given solution of (50) as found 1n McLachlan 
(1955) has the form 
(51) 
Accordingly, if the examined domain includes the point 
r=O, which is also the axis of the cylinder, then D2 = 0. 
Otherwise, 





To find UC(r,s), requires the value of D1. 
The general solution of (46) is 
U ( r , S) = D 1 I 1 ( IE Sr ) + PI 1 (~ r) (53) 
We can apply our knowledge of the boundary condition given 
in (15) to determine the constant D . 
C( (R,t) = 0 = (R,S) at r=R rr 
dU + D U = GT (54) 






Differentiate (53) to get 
Make necessary substitutions into the second part of (54) 
to obtain 
n{ /Es I 1 I 1 J Io(/£SR} - R(/ESR) + D -(/ESR) r 
-{~ I 0 Jk R) I! ~ D ~ R) l ::: e TA -- - R} + R I 1 ~{ R K J 
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O:A - P[ * Io (If R) - ~dfR) + ~<[~R) j (55) 
D 1 = IE s I 0 ( /ESR) - I 1 ( /ESR) + DI 1 ( IESR) 
R R 
Thus, after one substitutes P of (48) into (55) above, 
UC(r,S) can be written as 
=I1(hSr) 
r 
<J ~ R) 
R) ) J (~ I o ( /s R) - IJ. D I1 (~ + R 
R \ 
[ .~ S I 0 ( IE SR) - I 1 (IE SR) D J + R I 1 (Is SR) 
R 
This expression 1s simplified by gathering like terms to 
the relation 
uc(r,s) =- I1 (Is sr)(eTA IE s ) 
I o( S R.) • ( K - £5 2 • 
K 
(56) 
Thus the general solution 
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with equations (56) and (49) becomes 
U(r,S) == 
- rs rs 
GT A~ K I 1 ( J K r) 
(57) 
In section E of this chapter, the inverse trans-
form of U(r,S) is determined. 
30 
E. Derivation of U(r,t) 
The general solution of the differential equation 
of equilibrium with inertia effects, e.g. (57), is 
expressed as the sum of the particular and complementary 
solutions. One may reference any standard text of ordi-
nary differential equation of the accompanying theorems. 
The solution can therefore be written, 
U ( r ,s. J = U ( r ,s ) + U ( r ,s ) p c 
(:;AES2))[ 
J1Id~r) -(/£~(/Esr ) = 




Io (~ R) _ (~) . ~ \ ([I R) ) J 
ES 2 Io(IESR) -( 1; 0 )/E S It(IESR) 
It 1s now necessary to find the inverse Laplace trans-
form of U(r,s) above. A general procedure will be estab-
lished for the inversion of the integrals, just as that 
applied for the real time temperature distribution. The 
contour of integration of the inversion integral is valid 
only if it may be closed so as to enclose the poles of 
the integrands. Further discussion of the contour of 
31 
integration and also the theorem of residues is given 1n 
Appendix A. See Churchill (1960) for theoretical defini-
tions of residues and poles. 








Io ( rn: R) _ (l;D) 
Es





II Il d~ R) J· 




The method of summ1ng residues is found to be the 
most feasible approach to evaluating the integrals (see 
Appendix A). The first step of this task is to determine 
the singularity points. The apparent singularities are at 
1 s = 0, s = KE' 
and as with T(r,t) at the roots of 
where 
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Lastly, it remains to find the roots of 
(59) 
or simplify and substitute (1-D) = M 
( 6 0) 
AllowS= ±jON' then (60) becomes 
Use the Bessel identities, 
Also, for the remainder of the derivations, it would be 
w1se to refer to Appendix B. 
With these substitutions, e.g. (61) reduces to 
Set ~ = RIE oN to further simplify the above equation to 
yield 
~ J o ( l/1) - MJ 1 ( ~J) = 0 , and S = ± j _t+J_ 
RIE 
(62) 
See McLachlan (1955) for further details on Bessel func-
tions. This function is of the type described by Dixon's 
theorem on the interlacing of zeros (Watson 1944). The 
theorem briefly states that this function cannot have a 
33 
repeated zero for given ~-values. 
Having determined all of the singularity points, we 
can continue the evaluation of the inversion integral 
e.g. ( 58) . 
Residue at S = 0 
The first integral of U(r,t) becomes, 
This express1on has the indeterminate form 0/0 when eval-
uated at 0, we therefore apply L'Hospital's rule by tak-
ing the first derivate, and then re-evaluating. See other 
indeterminate forms in Widder. 
l 
U (r,t) = 
(64) 
STA Lim [( 2~ Io(t r))/((:- 2ss) Io(~ R) = K S-+0 
gl/2 
R) ) J . 
( 6 5) 
_ £S3/2) r I 1 ( 
s 
+ ( --
K 2/K K 
U ( 1 ) ( r , t) =---~ 
2 
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The second integral of U(r,t) becomes 
{ (
(S-O)Il (/ESr) ) 
2 Lim -------------------------
0 (r,t) ==-BTA/ S+O t:S 2 I 0 (/ESR)-~/£ SIJi/£SR) . 
(66) 
st . e ) ] 
Apply L'Hospital's Rule to both limiting terms to obtain, 
u< 2 l (r,t) ==- fiTA/£ ~~:[((II (/£Sr)+S/£ ri0 (/£Sr)-Il (!EsrJ/ 
I 
(67) 
M I 1 <J~ R) 
2R/K s 1 / 2 
~!- 2t:S)Io(~ R)+( 5 - t:S 2 )----R--~ 
\'K r; K . 2/K 81 /2 
u{ 2 ) {r,t) = -GT IE 
A 
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([2-:]/£ )· (-~)= 0TA(2~~-M)) {68) 
Finally, we sum the residues of U{l) and u( 2 ) for s =0 
to get the total contribution of this simple pole to the 
displacement field. 
U(l) + U(2) = GTA {1+ M ) = 
2 2-M 
GT ( r ) 
A 2 -1"1 
(69) 
Residue at S = 1/Ks 
Applying L'Hospital's rule to the first limiting term, 
the equation reduces to 



























I 0 (J~ R) - ~ [I I 1 ( rn: R) ) stl 
M • e J ES 2 Io (/ESR) - ~ /ESI1 (/ESR) 
This relation quickly reduces to 
u(2) = 
l 





( 7 2) 
\~e sum u(l) and u( 2 ) as before to get the total contribu-
tion of this residue to the displacement field. This 
contribution is found u(l) + u( 2 ) = 0. 




~~ I 1 ( ~r) ) I L' K~~2 ( 
S+--
)· u ( 1) 
'"' Lim 
OTA l S=~ R.:. = I 
I o ( ffiR) 
S-+- - K\N2 I 
\ s 2 
R: R2 (-- s E: 3 ) K 
2/K s 1 / 2 
( 7 3) 
• 
(74) 




= <PN' ( 7 5) 
( 7 6) 
~~e find that the first limiting term of U(l) is the same 
1n u( 2 ), such that 
L. \'I 1 ( /Esr) \ lm A2 ) 
S-+ _K,N S 2 
- (- - ES )J 
R2 K 
, 2 < rs ) Mrs ( rs ) ) ( -I ES I 0 Ji< R- R~K I1 ~K R 
\ e 






When simplified this expression reduces to 
..... 
- HI 1 ( cj> N~ 
"I 
I 
The sum of the residues at S = -KA~/R 2 is simply, 
( 7 8} 
(79) 
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Residues at s = +jw/RIE 
[ 
. ((s-12L) I 1 ( ~r) • eSt)] 
= GT L1m ____ R_IE_E ______________ __ 
A S-+j 4J/RIE S 
2 
fS 
(K- ES )S I 0 (~K R) 
(81) 
0 • I 1 ( lJJ . 1 I 2) rJ 
WT RKIE ::::: = 0 ... A 
~~2 H
3 ~ Io(~ j 1 I 2] R2 EK + R 31(" K/€ 
(82) 
However, 
-t3T A/€ Lij 1/J [(-s--~-~-s----------) . 
s~ c M c 
RrE [ESio (/ESR) -R/EI1 (vsSR)] 
( 8 3) 
[ £S 2 I a (fiR) - M ~ I 1 ( Is R) ) 
R K fK 
· Ia(~Rl] 
As before, we apply L'Hospital's rule to indeterminate 
forms and proceed to find 
- M~I 0 (/ESR)+ ~~I1(/ESR~ 
1/Il (jt)Jr) [-t.J;2 Io(~ jl/2j-Mi-I=r {~ jl/2) . 
~ R R2 ~K/E R~ KR/E 1·.JK!E 
( l-R ~: ~ + ~ ~ ~ ) I o( ~ j 1 I 2)) 
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-8T I~ [( . , [ ,,2 ~ I 
= A I 1 { Hr) ~ I o ( ~ j' 2) 




: JK~IE I, (J~~ j'/2JJ)/((~~~s _ j::) {85) 
I 
Io(j~~ j 1 / 2 ) [s{l-M)Io{H)+js{;p-~)It{Hl]) J. (ej Ntl 
Simplify this expression by factoring out similar terms, 
using the Bessel relations, and multiplying the numerator 
and denominator by the complex conjugate 
u(2) = _r;T R 3 ·' ' A . ..,. 
JKR~ + j 3 / 2 :~J JK:IE) 11 tJ:~ j 1 / 2 l]/ ){8 6 ) 
I 
Io( J:~s j 1 / 2 )( 4J{~-M)J 0 {H)-{1P 2 -M)J 1 {~)~1 
To put thls equation into a more manageable form, let 
KJ€ 
l);R = n 
HN (87) 
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and use the following Bessel relations (see Appendix B): 
I 0 ( :;N j I I 2 ) = be raN + j bei~N ( 8 8) 
= M0 (cos8 0+jsin G ) 0 
I I ( nNj 1 I 2 l = -j(ber1JN+j bei1::1N) (89) 
( 9 0) 
Further simplifications are needed at this point, since 
these residue values are used in conjunction with those 
at S =-j1!;/R ... r::-. Let the denominator of u( 2 ) = Denom 
and reduce the trigonemtric term of the numerator by the 
complex conjugate as shown below. 
M1 lcos01+j sin01) (cosOo-j sin0o) 
M0 [cosOo+j sinoo) (cosG 0 -j sin0o) 
= M1 ([cos0Jcos9o+sin0Jsin0ol + j[-cosG1sinGo 
Mo +sinGicosOo]). 
'• 
D en o rn = ( ~ '• + q N ) ( ~J ( l - ~1 ) J 0 ( ~, ) - ( tJ; 2 - M ) J 1 ( ~' ) ] • 
(C) l) 
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This can be simplified at this point for future reference 
by letting the real component of the expression (cos8 1 cos 
8o-sin81sin8 0 ) =A and the real part of the imaginary 
component (-cos81sin8 0 +sin61cos8o) = B. 
Residues at S = -j~~~/RIE 
u(l) = o just as it does for s = +jw/RIE. 
= -OT A IE[Lim. (_s_+_~-~-' =: __________ _ 
S-+- J '..1 \ r: M ~ r: --- [ESI 0 (vESR) - Rvsi1 (vsSR)] 
R/E 
]. ( 9 3) 





Rvt: \ [ ( K - t:S 3) 
This expression reduces to a form similar to u( 2 ) of the 
previous residue. 





( 9 4) 
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We simplify the above expression by factoring out like 
terms, using the Bessel relations, and multiplying the 
numerator and the denominator by the complex conjugate 
( 
tJ; • ljJ2) 
KRIE - J R 2 
( 9 5) 
Then, 
u(2) = -ElTA/El/1 
( - E ) 
R 5 IE 
+ ~ ~ (-j3/2 + js/2 1/I)Il (nNj3/2)jl Jl/ 
R 2 J KRIE Kl£ R 
( 9 6) 
~ 1)! 4 + S'"2 ~ ) I o (n N j 3 / 2 ) [ 1jJ ( 1 - M) J o ( 1/1 ) - ( 1)! 2 - M) J 1 ( 1jJ ) J] 
Upon further simplification, and the use of the Bessel 
relations shown below, the expression takes on a form 




To obtain the total contribution of the residues at s = 
±j~/RI£, we proceed to sum equations (90) and (97). 
tJJ 
2 sin tNt 
RK/( 
) 9 8) 
We begin simplifying the expression 1n the brackets by 
factoring out j-
1




the second parenthesis. Use the convention pertaining 
to complex numbers, 
.-1/2 -nJ'/4 n 







Make these substitutions into the term in brackets" 
A continued extension of the term in brackets with the 
repeated real and imaginary components of the above 
expression reduced by allowing C = (A cosoNt-B sinoNt) 
and D = (A sinaNt+B cos~Nt) . 
(100) 
(-~(cos~ - J sin~) 
(-jD)]. 
( . ) lj;( 7T •• 1T) C+]D - R COSi+JS1n4 ( 101) 
Another step yields, 
Simplifying by using the trigonemetric identities of 
Appendix B, it is noticed that since A= cos(8I-8o) and 
B = sin(8t-8o), the expression can be written as, 
-2-f( cos(Gl-Go) . sin~- sin(81-8o) . cos~) . cosONt 
Kfi~ 4 
- (cos(0 1 -0 0 )cos~ · - sin(81-8 0 )sin: J} sinONt (102) 
= ~[sin(0 1 -0 0 -~) .cost)Nt + cos(81-8o - 1T) • sinONtl K~ 4 j 
47 
Similarly, 
ljJ ~ 1T • 1T I - 2\jJ~ 1T -R r cos4.C+2 Sln4·J = R (cos(Gt-Go) .cos4 + sin(8t-8o)• 
sin~) .cos~Nt + (-sin(Gt-Go) .cos~+ cos(8t-8o) • ~in~) 
{ 10 3) 
Finally, equations (102) and {103) are substituted into the 
bracketed term of equation { 9 8) . This yields the follow-
1ng results when the sin~Nt and cosoNt terms are factored 
out for the total equation 
Sum(Residues at s - +j--w-) 
-RIE 
[[ljJ~ +MnN r:: ) (ljJ~cos I e l -e 0-:) +n~sin (e l -8 0-: l) J cos ~N t ( 104) 
+[w~n~+MnN:: (-ljJ~sin(et-8o-:l+n~cos(et-8o-: J)J sinON~ 
The final results of this analysis can now be summarized 
by use of the theory of residues (see Appendix A). 
On the following page, the function U{r,t) has been 
determined by using the resulting residues at the poles 
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S = 0; 1/KE; -KA~/R 2 ; +j~N/RIE; and -j~N/R/E. 
00 
\ 






-KA 2 t 
N 




We have thus shown the process required to develop 
the displacement field equations of the uncoupled dynamic 
problem of an infinite solid cylinder subj~cted to normal 
shock on its boundary. Nowacki (1962) refers to the work 
of W. ·Derski, who developed a similar set of relations. 
F. Derivation of~ (r,t) 
rr 
49 
The stress fields can be determined directly from 
the stress-displacement equation ( 7d . For the radial 
stress field 
CJ. (r,t) = (A+2~)~ + (~)u- (3A+2~)aT(r,t) rr r r 
substitute T(r,t) of equation (26) into the above to obtain 
( 106) 
Take the necessary derivatives of the displacement equa-
tion (105), and substitute into the above equation. 
50 
(107) 
+ ! llJ' 2 1 -~ + N"WN ( -;)!~ sin(e ~-eo-~) ) 
At this point, there is need to simplify the last 
infinite series. Allow the sine and cosine terms to be 
expressed by the following functions: 
51 
[ M1 




. (B A n) l s1n 1-'Jo-- 1 
4 J ·( cos ~~t) (108) 
M1 
TI) SI(wN,nN,t) = [1)!2)12 + Mr2 -(-1J; 2 sin (81-Go-N N NMo N 4 





= GT A+2l-1 
A 2-M 
-KA~tl 
e 2 / -R 
52 
( [<j>Nio (cjl:r) : I 
1 
(¢:r) 1 )· 
( ¢ ~ + A~ ) [ ¢ N I o ( ¢ N )-M I 1 ( ¢ N ) ] 
00 




• ( CO+SI ) + 2 ~M -
(lOS') 
co 
+2~1 r-~-J-1 (-W-~-r-) ) • ( CO+SI) -
DEN OM 
) 
The following reductions can be made from the lengthy 
expression above after factoring out (A+2l-1), 
53 
1 \ 
[2-M + (A+2~) (2-M) - 11 = O, 
since 
( 110) 
Collect the like terms of the two infinite series contain-
ing J 1 (~N), and the two series containing [~NI 0 (¢N) - MI 1 






= +M. ( 111) 
CHAPTER IV 
NUMERICAL RESULTS 
To further understand the equations of the stress 
and displacement fields derived in Chapter III 1 a com-
puter program was written to evaluate these equations for 
both the uncoupled, "quasi-static" and the uncoupled 
"dynamic" theories. Numerical results were obtained by a 
computer program using the IBM 360/370 systems. One com-
puter program was written to determine the roots of the 
Bessel equation (62). It was then necessary to write 
subroutines to handle a range of argument values for the 
Kelvin functions berv(nN) and beiY(nN) in the range of 
0 ~ nN < 240. This attempt was found challenging, since 
many problems with underflows and overflows occurred. It 
was found necessary to put the arguments of the Kelvin 
functions into units of centimeters and hours and to use 
asymptotic expansions for large argument values. The 
program utilized double precision formatting to achieve 
8 place accuracy. 
The physical properties of ASTM 4340 steel were 
input into a main program "TEMP." Calculations were made 
on the IBM 360/370 computers; the numerical results are 
shown in Table 2.1 through 4.3 in Appendix C. 
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The data from these tables were then put on graphs 
to demonstrate the behavior of the structure at various 
radii and times. The curves shown in figures 3.1, 4.1, 
and 5.1 indicate that at points close to the surface of 
the cylinder, the radial stress distributions for the 
"quasi-static" and uncoupled theories are both minimum. 
Furthermore, for small times as shown in figure 3.1, the 
radial stress is strictly tensile, and for long times 
(figure 5.1) the radial stress is very oscillatory in 
behavior. The radial displacements for both theories 
agree very well as exarnplified in figures 3.2, 4.2 and 
5.2. For long times, the radial displacements converge 
to steady state values of approximately 0.008 CM. 
As we approach the center of the cylinder at 
r=O.SO CM, it is observed that a large compressive wave 
front arrives for the interval of short times (figure 
6.2) for the "dynamic" curve only. Here, an interesting 
relation is observed when we compare figures 5.2 and 
8.2. The oscillatory nature of the stress wave as it 
propagates deeper into the structure is to increase the 
magnitude of peak compressive and tensile wave fronts 
that are also arriving earlier. 
At r=0.50 CM for figures 6.1 through 8.2, the 
radial displacements of both theories show appreciable 
attenuation has occurred as the stress wave penetrates 
56 
the boundary. Also, there is an average of 0.0006 CM 
of difference in the two displacements fer small times. 
When r=O.OOOl CM, that is near the cylinder axes, 
it is found that for long times, as shown in figure 
11.1, thermoelastic damping of the stress wave has 
occurred. A continuously increasing wave is developed 
at small times for figure 9.1. While in figure 10.1 a 
peak compressive wave front is found at 2.0 seconds. 
An interesting relation is observed when the "dynamic" 
uncoupled stress peaks are compared to those of dis-
placement. For short times the arrival times of their 
maximum compressive and tensile wave fronts are synchron-
ous. Calculations at shorter times are inconclusive. 
Figures 3.1 through 5.1 show that for points near 
the surface of the cylinder the stresses of both "quasi-
static" and uncoupled are negligible from the engineer-
ing aspect, while their displacements are significant and 
in close agreement for all times. 
At a radius of 0.50 CM a large compressive wave 
front arrives for short times as shown on the inertia 
curve of figure 6.1. Furthermore, the trend in long 
time data is of an oscillatory nature for its "dynamic" 
stress wave. This stress wave peak compressive and 
tensile wave fronts are shown to have earlier arrival 
times as the wave propagates deeper into the structure 
57 
as exmplified in figures 5.1, 8.1 and 11.1. 
The overwhelming evidence that has been presented 
here can be summarized as follows: 
1. The "dynamic" theory predicts higher radial 
stresses than the "quasi-static" theory for most times 
and the difference in these stresses tends to increase 
with smaller times. 
2. The radial displacements for both theories tend 
to be ln close agreement for all times. 
3. The radial stress and displacement waves are 
nearly in phase for the "dynamic" theory as the stress 
wave propagates toward the origin. 
4. The radial stress wave of the "dynamic" theory 
beco~es nearly sinusoidal for large times as it propa-
gates toward the origin. 
5. There are characteristically distinct small 
time intervals for which severe tensile and compressive 
wave fronts arrive (see figure 9.1) during small times. 
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The intention of this work has been to establish 
the thermoelastic field equations of the uncoupled 
theory which retains the inertia effects for an 
infinitely long solid cylinder. Comparisons were made 
of the "quasi-static" field equations of stress and 
displacement with the derived uncoupled "dynamic" equa-
tions by examining the effects of both in a computer 
analysis of a high strength steel. While the procedure 
for developing the thermoelastic field equations is 
standard, the process has not been confirmed in any 
recent technical literature. The numerical results of 
the computer program should find much application for 
future research, since previous hand calculations were 
obviously analytically intractable or grossly tedious. 
In Chapter II, the governing equations are estab-
lished by first reducing the fully coupled equations 
to an uncoupled system. The desired energy equation is 
established by this reduction and the equilibrium equa-
tion put into cylindrical coordinates. 
The temperature field equation is established in 
Section B of Chapter III and is given by (26). The 
77 
equilibrium equation for zero inertia effects is devel-
oped in Section C. The stress and displacement yield 
equations for zero inertia are given in (40) and (41) 
respectively. 
The specific problem of an incident thermal shock 
applied on the boundary of an infinitely long solid 
cylinder whose surfaces are traction free for all times 
is studied in Sections D through F of Chapter III. 
First, the solution of the uncoupled 11 quasi-static" 
problem is solved for its displacement and stress fields. 
Secondly, a solution of the uncoupled "dynamic" displace-
ment equation is determined by Laplace transformation 
into the S-domain. This solution is then established by 
the inverse Laplace transformation for the time-domain. 
The solution of the udynamic" problem was established by 
determining the residues at points of singularity using 
the calculus of residues theory. 
The derivation of the equations of the "dynarnic 11 
uncoupled theory which retains the inertia term is indeed 
a challenging task. It has been demonstrated that the 
"quasi-static 11 theory yields major errors when predict-
ing peak radial stresses or their arrival times for 
structures which are subjected to Heaviside step thermal 
shocks. There are characteristically distinct time 
intervals for which peak compressive and tensile wave 
78 
fronts arr1ve during small times. At this point, it 
is apparent that the uncoupled "quasi-static theory" 
is subject to much error in dynamic stress analysis. 
The difficulties encountered in developing the 
thermoelastic equations of the ':dynamic" problem indi-
cates that more mathematical work is greatly needed to 
evaluate complex integrals, such that some day these 
solutions are in closed form. It is suggested that more 
problems be studied using the uncoupled theory with an 
application to thermal excitation times of order of 
microseconds for several materials with vastly different 




THE BROW~ICH CONTOUR AND THE COMPLEX INVERSION FORMULA 
Complex Inversion Formula 
The general formula for the 1nverse Laplace transform-
ation is given by 
F ( t} 
t:+joo 
~ ~nj J st e f(s)ds, t > 0 (A-1) 
r;-joo 
where integration is carried out along a line in the com-
plex plane of s which is parallel to the imaginary axis 
and ~ > ~ 0 . The value s0 is called the convergence-
abscissa by Fodor (1965). 
The correlation of the two functions F(t) and f(s) 
1s expressed symbolically as 
f ( s ) = ;({ F ( t ) } ; F ( t ) = :( -l { f ( s ) } (A-2) 
The variable t is real, and F(t) can be a real or complex 
function of t. We restrict our analysis to functions 
representing processes initialized at some point in time 
t
0
, hence our interest is in the time domain t > t 0 . 
81 
Bromwich Contour 
The complex inversion integral described on the pre-
ceding page is evaluated by representing the contour inte-
gral 
l 
G f st e f(s)ds, 
c 
where C is the contour shown below. This contour is gen-
erally called the Bromwich contour~ it consists of a 
straight line segment AB, two arcs BBl and AA! formed by 





Pig. 12. Integration path employed to evaluate 
the inversion integrals by the calculus of residues. 
82 
It is seen by inspection of the figure on the pre-
ceding page that 
We will now attempt to evaluate the integral around curve 
C and the total arc BBlDAl or C*. 
s+jL 
F ( t) Lim 2;j J st = e f(s)ds R-+00 
s-L 
Lim 1 J st = {~ e f(s)ds (A-3) R-+o.:> TIJ 
c 
1 J st - 2nj e f(s)ds} 
C* 
A necessary and sufficient condition for the integral 
around C* to vanish is given by a theorem in Churchill 
(1958). This theorem basically states that if we can find 
constants K1 > 0, K2> 0 such that on C*, with equation 
s = Rej 8 , 
hence 
< 






Application of the Theorem of Residues 
It follows directly from the proof that the integral 
around C* approaches zero as R~oo, that the condition 
described in (A-4) always holds if 
f ( s) = !1 ( s) 
N ( s) 
M(s) and N{s) are polynomials of degree N and N+l 
respectively. The general formula being established 1s, 
1 
N 
{f(s)e5 t} F ( t) = 2nj 2-rrj l: Residues i=l s=s. l 
N 
{ t1 { s) st} = E Residues e . 
i=l 
N ( s) ]_ 
The residues of 
St SNt Lim 








e_JX = cos x + J sin x 
sin(x±Y) = s1n x cos Y + cos x s1n Y 
-
cos(x~Y) = cos x sin Y + sin x s1n Y 
sin x s1n Y = 1/2 cos (x-Y) l/2 cos(x+Y) 
cos X cos Y = l/2 cos (x-Y) + l/2 cos (x+Y) 
sin x cos Y = l/2 sin (x-Y) + 1/2 sin (x+Y) 
Indeterminate Forms 
Lim f(x) 0 = X4-Q g(x) 0 
Lim f(x) (X) = x-+x 
0 
g ( x) co 









. g (x) } = 
= +CO 
o•co 
In most problems of this nature, L'Hospital's rule is 
applied by differentiation of the numerator and the 
denominator. See Widder (1947). 
86 
Bessel Functions and Identities 






( -1) p 
(l/2x) 2P 





- l: p! r (N+p+ 1) p=O 
~ 
= JO (x) =- Jl(x) 
== Jo(xj) = co (l/2x)
2P 
z:: 
p= 0 ( p!) 2 
~ ( l/2xl N+2p 
p=O p! f (N+p+l) 
xd IN (x) 
-:~ IN(x) + x IN+l (x) = 
dx 
~ 
= X I N(x) 
" ro ( x) == I 1 (x) 
r
1
(jx) == jJ1 (x) 
87 
I (x.)± 1 / 2 ) = berx+jbeix 
0 J 
= ~ (-l)p(l/2x)N+ZP 
P=O P! (N+P+l) 
cos 3 4 (N+2P)TI 





M__ (x) = [her' x+bei' ] 1 I 2 
-~ N N 
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